ON THE SPECTRAL SEQUENCE OF THE SWISS-CHEESE OPERAD 



EDUARDO HOEFEL AND MURIEL LIVERNET 

Abstract. We prove that the homology of the Swiss-cheese operad is a Koszul operad. As a conse- 
quence, we obtain that the spectral sequence associated to the stratification of the compactification 
of points on the upper half plane collapses at the second stage, proving a conjecture by A. Voronov 
in [17]. However, we prove that the operad obtained at the second stage differs from the homology 
of the Swiss-cheese operad. 



1. Introduction 

An operad O is called differentiable when it is defined on the symmetric monoidal category 
of differentiable manifolds. If each 0(n) is a manifold with corners whose connected boundary 
components are cartesian products of 0(k) (with k < n) and the operad structure is given by 
the inclusion map of the boundary strata, then the operad is called stratified. To every stratified 
operad is associated a dg-operad given by the spectral sequences induced by a natural filtration 
on its singular chain complex: the boundary strata filtration. Since that filtration is given by the 
codimension of the boundary components, it is finite and hence converges to the homology H*{0) 
at some finite stage. One would naturally wonder wether the operad structure induced on homology 
by the spectral sequence coincides with the one induced by the topological operad structure. 

In the present paper we study the spectral sequence of a stratified operad, given by Kontsevich's 
compactification [14], which is homotopically equivalent to the Swiss-cheese operad SC. We show 
that H*(SC) is an inhomogeneous Koszul operad. We also show that the operad structure induced 
on (SC) by the spectral sequence of its stratified version differs from the structure given by the 
topological operad structure of SC. The difference between the two operad structures in H*(SC) is 
explored in terms of the Koszul duality theory for inhomogeneous quadratic operads developed by 
Galvez-Carillon, Tonks and Vallette in [5]. 

Among the related algebraic structures are Kajiura and Stasheff's OCHA [11, 10], Leibniz pairs 
[3] and extensions of those considered by Dolgushev [2]. The relation between OCHAS, Leibniz 
pairs and the Swiss-cheese operad has been carefully studied by the authors in [9], where the zero- 
th homology of the Swiss-cheese operad SC were related to the first row of the spectral sequence 
associated to the Kontsevich compactification. One of the purpose of [9] was to prove an SC 
analogue of the following fact concerning the little disks operad V2: 

Proposition. The zero-th homology of the operad T>2 is Koszul dual to a suspension of the top 
homology. 

In the case of little discs, the zero-th homology is the operad Com and the top homology is a 
desuspension of the operad Lie. In fact, the above Proposition is a consequence of a theorem, proved 
by Getzler and Jones, according to which the Gerstenhaber operad H*(T>2) is, up to suspension, a 
self-dual Koszul operad. 
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We proved in [9] that the zero-th homology of SC is a Koszul quadratic-linear operad, and that 
its Koszul dual Hq(SC)', which is a dg-operad, has for homology a suspension of the top homology. 
Note that in the context of SC, the top homology does not form an operad, so by top homology we 
mean the smallest operad containing the top degrees generators. 

The little disks operad T>2 is not stratified. However, by considering the real Fulton-MacPherson 
compactification of the moduli space of points in the complex plane, we get a homotopically equiv- 
alent stratified operad sometimes denoted Ti (see [16]). The same compactification procedure can 
be applied to the Swiss-cheese operad SC (the homotopy equivalent stratified operad obtained is 
sometimes denoted H2). So, by passing to a homotopy equivalent operad, we can assume that both 
little disks and Swiss-cheese operads are stratified. We note that from the cofibrancy of T2 proven 
by Salvatore [16], the homotopy equivalence between the above operads are compatible with the 
operad structure, hence the topological operad structure of T>2 and T2 (resp. SC and ^2) induce 
the same operad structure on homology. Hence, to avoid cumbersome notation we will work with 
the stratified versions of little disks and Swiss-cheese, while keeping the notation: T>2 and SC. 

The main result of this paper says that the homology of the Swiss-cheese operad is a quadratic- 
linear Koszul operad in the sense of [5]. The same result is true for the homology of SC VOT , a 
variant of SC. As an application, in Theorem 4.2.2 we show that the spectral sequence E(SC) 
of the Swiss-cheese operad collapses at the second stage, proving a conjecture by A. Voronov in 
[17]. The relation (modulo (de)suspension) between E 1 (SC) and the cobar construction of the 
cohomology cooperad H*(SC) is well known [2], but in our setting it is slightly different, so a 
proof is given in Lemma 4.1.1. Finally, using that Lemma and the Koszul duality theory in the 
quadratic-linear framework, we prove that the spectral sequence given by the stratified structure of 
SC induces on (SC) an operad structure that is different from the one induced by the topological 
operad structure of SC, while the S- module structure is the same. 

Getzler and Jones [6] have proven that E 2 (T>2) = A _1 (ii*(£>2) ! )j where Ar 1 (H*(T>2f') is isomor- 
phic to e2 = H*(T>2). In analogy to their result, and recalling that H*(SC) 1 is a dg-operad, in the 
present paper we prove that 

(1) E\SC) = H(k-\H*{SCn = F(A7 1 (sc ! )), 

where H(A~ 1 (sc 1 )) is isomorphic to sc = H*(SC) as an S-module, but not as an operad. 

The plan of the paper is the following. The second section is devoted to preliminaries and 
notations. The third section is devoted to the homology of the operads SC VOT and SC. As in [9], 
in order to understand the structure of the operad sc = H*(SC), it is necessary to first understand 
the operad SC VOT , another version of the Swiss-cheese operad, whose homology is quadratic. The 
end of section 3 is devoted to the structure of iJ*(sc ! ). We use the technics of distributive laws, as 
well as the results obtained in [9]. The fourth section concentrates on the spectral sequence of SC. 

2. Preliminaries 

2.1. On differential graded vector spaces. We work on a ground field k of characteristic 0. 
The category dgvs is the category of lower graded /c-vector spaces together with a differential of 
degree —1. Objects in dgvs are called for short dgvs. The degree of x G V, where V is a dgvs 
is denoted by \x\. We say that a dgvs V is finite dimensional if for each n, the vector space V n is 
finite dimensional. 

The vector space homfc(V, W) denotes the fc-linear morphisms between two vector spaces V and 
W. When V and W are objects in dgvs, the differential graded vector space of maps from V to 
W is iGZ Homj(V, W), where Hom^V 7 , W) = Y[ n h° m fc(^n> W n +i) together with the differential 
(df)(v) = d w (f(v))-(-lpf(d v v). 
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The graded linear dual of V in dgvs is V* = Hom(V,fc), where k is concentrated in degree 
with O-differential. Consequently (V*)„ = (V- n )* and (df)(x) = -{-l) n f{d v x) for any / G (V*)„ 
and x € V- n+ \. 

The suspension of a dgvs F is denoted by sV and defined as (sV) n = V n -\- 
2.2. On operads, 2-colored operads, cooperads. 

2.2.1. On the symmetric group. The symmetric group acting on n elements is denoted by S n . An 
element a £ S n will be denoted by its image notation (<r(l) . . . c(n)). The trivial representation of 
S n is denoted by k, the signature representation by sgn n and the regular representation by k[S n ]. 

2.2.2. Collections and S-modules. In this article, we work with 2-colored (co)-operads, either in 
the category of spaces, or in dgvs. The colors we consider are denoted by c (for closed) and 
o (for open). A 2-collection V is a family of dgvs, (V(c;d) = V{c\, . . . , c n , ^)){ Ci ,d6{c,o}}- Let 
c = (ci, . . . , Cn) be an n-tuple of colors. The symmetric group S n acts on the set of n-tuples of 
colors by c • o = (c ct(1 ), . . . , c CT(ri) ). 

An S-module is a 2-collection V together with an action of the symmetric groups, sending {x £ 
V(c\, . . . ,c n ;d),a € 5 n ) to i ■ tr £ P(c • cr; d). 

Note that it is an extension of the usual definition of an S-module, which is a family of dgvs 
(Q(n)) n >i such that for each n, Q(n) is a right 5 n -module. We can consider this collection as an 
S-module, where Q(c; d) is Q{n) if Vi, = c and d = c and is otherwise. 

Given an S-module M, we may want to consider some truncation N of it, invariant under the 
action of the symmetric groups. By definition a sub-S-module of N is a sub-dgvs invariant under 
the induced action of the symmetric groups. 

2.2.3. Operads. The 2-collection I defined by I(c;c) = k,I(o;o) = k and I(c;d) = elsewhere, 
plays a special role. Indeed, a 2-colored operad is an S-module together with a unit map rj : I V 
and composition maps 

7 : P(c u ...,cn;d)<8> V{b}- c x ) <g> . . . ® V(b n ; c n ) -> P^ 1 , . . . , b n ; d), 

which are associative, unital and respects the action of the symmetric groups. 

We write / {g\ , . . . , g n ) for the image of / (8) g\ <g> . . . (8) g n or / (id®* ® g ® id®"" - 1 ~ l ) whenever every 
g except one is the identity. 

We often use the same notation for / in V or for / seen as an operation on variables. In that 
context, we use the Koszul sign convention 

(/<8 5 )(a®6) = (-l) |a|l9l /(a)® 5 (6)- 
Because of the action of the symmetric groups, one may only consider the spaces 

V(n, m;d) = V( c, . . . c , o, . . . o ; d). 

n times m. times 

In this paper, we only consider 2-colored operads such that V(0,0;x) = and V(1,0; c) = k = 
V(0, 1; o). They are naturally augmented, that is, there is a morphism of operads V — > I and V 
denotes the kernel of this map. 

Any operad V can be considered as a 2-colored operad with V(c;d) = V(n) if Vi, q = c and 
d = c, V(o; o) = k and ^(c; d) = otherwise. 

In the sequel, we often use the generic terminology of operads for either operads or 2-colored 
operads, or operads seen as 2-colored operads. 
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2.2.4. Suspension of S-modules and operads. The suspension of the S-module V is 

AV(n, m; x) = s x ~ n - m T(n, m; x) sgn n+m . 

If V is an operad, then the structure of P-algebra on the pair (V c , V ) is equivalent to the structure 
of AP-algebra on the pair (sV c , sV ). 

The suspension of the 2-collection V with respect to the color c is 

h. c V{n, m; x) = s Sx ' c ~ n V(n, m; x) <8> sgn n , 

where 5 denotes the Kronecker symbol. If V is an operad, then the structure of 'P-algebra on the 
pair (V c , V ) is equivalent to the structure of A^-algebra on the pair (sV c , V ). 

2.2.5. Operads defined by generators and relations. The free operad generated by an S- module E 
is denoted by F(E). It is weight graded by the number n of vertices of the underlying trees and 
F^ n \E) denotes the component of weight n. 

A quadratic operad F(E, R) is an operad of the form F(E)/(R), where E is an S-module, R is 
a sub-S-module of F^ (E) and (R) is the ideal generated by R. There are analogous notions of 
cooperads, free cooperads F C (E) cogenerated by E, and of cooperads cogenerated by an §-module 

V with correlation R denoted by C(V, R). 

Describing an operad is equivalent to describing algebras over it. In the text, we say that an 
operad V is generated by E with relations R written as 

(*) n = r 2 . 

This notation means that any P-algebra satisfies the relation (*). At the level of operads, this is 
understood as R contains the element r\ — r 2 . 

2.2.6. Koszul dual. Any quadratic operad V = F(E, R) admits a Koszul dual cooperad given by 
V x = C(sE,s 2 R). 

The Koszul dual operad V' of a finite dimensional quadratic operad V is 

(2) V X := (AT")* OT equivalently V 1 = (AV [ )* . 

When V is a binary quadratic operad, we can use the original definition of Ginzburg and Kapra- 
nov [7] (see also [15, chapter 7]) to compute its Koszul dual operad. Namely, if V = F(E, R), then 

V I = F(E y , R ± ), where E y = E* <g> sgn 2 and R 1 - denotes the orthogonal of R under the induced 
pairing F^ 2 \E) ® F^{E y ) ->• k. 

2.3. Two versions of the Swiss-cheese operad. Here we recall the two definitions for the 
Swiss-cheese operad we have introduced in [9]. We denote by T>2 the little disks operad. 

For m, n ^ such that m + n > 0, let us define SC(n, m; o) as the space of those configurations 
d G (2n + m) such that its image in the disk D 2 is invariant under complex conjugation and exactly 
m little disks are left fixed by conjugation. A little disk that is fixed by conjugation must be 
centered at the real line, in this case it is called open. Otherwise, it is called closed. The little disks 
in SC(n,m; o) are labelled according to the following rules: 

i) Open disks have labels in {1, . . . , m} and closed disks have labels in {1, ... , 2n}. 

ii) Closed disks in the upper half plane have labels in {1, . . . , n}. If conjugation interchanges the 
images of two closed disks, their labels must be congruent modulo n. 

There is an action of S n x S m on SC(n,m; o) extending the action of S n x {e} on pairs of 
closed disks having modulo n congruent labels and the action of {e} x S m on open disks. Figure 1 
illustrates a point in the space SC(n, m; o). 

The 2-collection SC is defined as follows. For m, n ^ with m + n > 0, SC(n,m; o) is the 
configuration space defined above and SC(0,0; o) = 0. For n ^ 0, SC(n, 0; c) is defined as T>2{n) 
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Figure 1. A configuration in SC(n,m; o) 

and SC(n, m; c) = for m ^ 1. The 2-colored operad structure in SC is given, as usual, by insertion 
of disks. 

There is a suboperad SC VOT of SC defined by SC vor (n, m; x) = SC(n, m; x), if x = c or m ^ 1 and 
by SC VOT (n,m;x) = 0, otherwise. The above definition says that SC VOT coincides with SC except 
for m = and x = o, where 5C vor (n, 0, o) = for any n ^ 0. The operad 5C vor is equivalent to the 
one defined by Voronov in [17], while SC coincides with the one defined by Kontsevich in [13]. 

Notation. The homology of SC is denoted by sc while that of SC vor is denoted by sc vor . 
2.4. Conventions and notations. 

2.4.1. Generators. In the paper we will have specific generators in the different operads considered, 

mainly two families of elements. 

The first family is {/ 2 , g 2 , eo, 2 , ei,o} an d the second family is {t 2 , c 2 , tio,2, tti,!, n^o}- 

The following array sum up the properties of the elements. The array must be read as follows: 

/2 € M(c, c; c) means that it is an operation on two closed variables giving a closed variable; the 

representation is k, that is, /2 is a symmetric operation. The degree is 0. 



element 
color 
representation 
degree 


h 

M(c, c; c) 
k 



92 

M(c, c; c) 
1 


eo,2 
M(t>, o; o) 
k[S 2 ] ' 



ei,i 
M(c, o; o) 
fe[5 2 ] in M(c, o; o) M(o, c; o) 



ei,o 
M (c; o) 
k 



element 
color 
representation 
degree 


h 

M(c, c; c) 
sgn 2 



C2 

M(c, c; c) 
sgn 2 
-1 


no,2 
M(o, o; o) 
k[S 2 ] ' 



ni,i 
M(c, o\ 6) 
k[S 2 ] in M(c, o; o) M(o, c; o) 



"1,0 
M(c;o) 
k 

-1 



Given elements {xi, . . . , x n } with specific colors, representation and degrees, the S- module < 
x±, . . . ,x n > is the S- module generated by these elements, with the action of the symmetric group 
indicated by the representation of the elements. For example < ei,i > is the S-module M where 
M(c, o; o) = kei : i, M(o, c; o) = ke\^\ ■ (21) and is zero elsewhere. 

2.4.2. Notation for operads. The operad Ger, whose algebras are Gerstenhaber algebras is the 
operad T(Eg er , Rg er ) with Eg er =< f 2 ,g2 > and Rg er is the space of relations given by 

/ 2 (id® f 2 ) = / 2 (/2®id), 

5-2(5-2 id) • ((123) + (231) + (312)) = 0, 

52 (id f 2 ) = f 2 (g 2 id) + / 2 (id g 2 ) ■ (213). 
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The suboperad generated by f 2 is the operad Com = F(< f'2 >,Rcom) where Rcom is the first 
relation. The suboperad generated by g 2 is the operad A~ 1 £ie. 

The Koszul dual of the operad Qer is Qer = AQer (see e.g. [6]). It is described as F(E\g er , R^g er ) 
with E\g er = < [2, C2 > and R\g er is the space of relations given by 

c 2 (id <g> c 2 ) = -c 2 (c 2 <8> id), 
k(k ® id) • ((123) + (231) + (312)) = 0, 

[ 2 (id <g> c 2 ) = c 2 (l 2 <8> id) + c 2 (id ® ( 2 ) • (213). 

The suboperad generated by l 2 is the operad Lie = T{< I2 >,Rcie) where Rcie is the second 
relation. The suboperad generated by C2 is the operad KCom. 

The operad Ass is described as J 7 (< eo,2 >,-R.4ss) where R_Ass is the relation eo,2(id ® eo,2) = 
eo,2(eo,2 <8> id). Note that we also use this notation replacing eo,2 by no,2- 

3. The homology operads sc vor and sc 

We prove in this section that the homology operad sc vor is a quadratic Koszul operad and that 
the homology operad sc is a quadratic-linear Koszul operad, extending the results obtained for the 
zero-th homology of SC vor and SC in [9] . 

3.1. The operad sc vor is Koszul. Recall the Theorem 

Theorem 3.1.1 (A. Voronov [17]). An algebra over sc vor is a pair (G,A), where G is a Gersten- 
haber algebra and A is an associative algebra over the commutative ring G. 

An algebra over the commutative ring G corresponds to a degree map A : G®A — > A satisfying: 

A(cc', a) = A(c, A(c', a)) = (-l)l c H c 'lA(c', A(c, a)) and A(c, aa') = A(c, a)a' = (-l) |a||c| aA(c, a'). 

As a consequence 

Corollary 3.1.2. The operad sc vor has a quadratic presentation F(E V ,R V ) where 

E v =< /2,#2,e ,2,ei,i > 

and Ry is the sub-S-module of F^ 2 \E V ) generated by the relations: 

• Rg er , for the Gerstenhaber structure defined by /2 and 32 and R_a ss for the associativity of 
eo,2/ 

• e\ t \ is an action: 

ei 5 i(id <g> ei ; i) = e 1;1 (f 2 (8) id), 

ei,i(id (g) e ,2) = e ,2(ei,i <8> id) = e , 2 (id <g> e^i) • (213). 

Lemma 3.1.3. Algebras over the Koszul dual operad (sc vor ) ! of sc vor are of the form (H,A,p) 
where (H, [, ], x) is a KQer -algebra, A is an associative algebra, and p : H ® A — ^ A is a map of 
degree that satisfies the relations 

p([h, h'],a) =p(h, p(h', a)) - (-l)M h '\p(h', p(h, a)) 
(3) p(h, a ■ a') =p{h, a)-a' + (-l)^a ■ p{h, a') 

p(h x h', a) =0 

Note that the first two equations indicate that the map induced by p from H to End(^4) has 
values in Dei(A) and is a morphism of Lie algebras. 
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Proof. Because sc vor has a binary quadratic presentation, we can use the direct computation of its 
Koszul dual operad presented in section 2.2.6. Let us denote by ([2, C2, no,2j rii,i) the dual basis of 
(/2, <72,eo,2,ei ; i) m Ey- The degree of C2 is —1 and all the others elements have degree 0. 

The Koszul dual operad of sc vor is (sc vor ) ! = T(E%)/(R^). The pairing between E v and 
induces a pairing between F^ 2 \E V ) and T^ 2 \E^). One gets that Ry{c, c, c; c) is the ideal defining 
Qer , that is RkQer- Similarly Ry(o, 0, 0; 0) is the orthogonal of the associativity relation for eo, 2 j 
that is, the associativity relation for no,2- 

The space T(E v )(c, c, 0; 0)0 has dimension 3 and R v (c, c, 0; 0)0 has dimension 1. As a consequence, 
the dimension of R„{c, c, 0; 0)0 is 2 and corresponds to the first relation. 

The space T(E v )(c, 0, 0; 0) has dimension 6 and R v (c, 0, 0; 0) has dimension 2. Hence the dimen- 
sion of Ry(c, 0, 0; 0) is 4 and corresponds to the second relation. 

The space F(E v )(c, c, 0; o)\ has dimension 1 and R v (c, c, 0; o)\ has dimension 0. As a consequence, 
the dimension of R^ic, c, 0; o)-\ is 1 and corresponds to the third relation. □ 

In terms of generators and relations, it expresses as: 

Corollary 3.1.4. The operad (sc vor ) ! has a binary quadratic presentation T(E V \, R v <.), where 

E v < =< l2,C2,no,2,ni 5 i > 

and R v \ is the subS-module of F^ 2 \E V \) generated by the relations: 

• R\g er , for the AQer -structure defined by [2 and C2 and R_a ss for the associativity o/no,2/ 

• relations for m 5 i : 

ni,i(I 2 ® id) = m,i(id ® m,i) • (id - (213)), 

m,i(id ® tto,2) = n ,2(ni,i ® id) + n ,2(id ® ni,i) • (213), 

ni,i(c2 <X> id) = 0. 

Theorem 3.1.5. The operad sc vor is Koszul. 

Proof. In order to prove that sc vor is Koszul, we prove that (sc vor ) ! is Koszul, using the rewriting 
method explained in [15], and using a part of the computation made by Aim in [1, AppendixA]. 
Recall that an algebra over (sc vor ) ! is given by the following data: 

• A A^er-algebra H. We denote by [#1,0:2] the degree bracket and by x\ x X2 the degree 
— 1 product. 

• An associative algebra A. We denote by a\ ■ a2 the degree product. 

• A map p : H A — > A. We denote by x • a the element p(x, a). 

The rewriting rules are 

(ai • a 2 ) ■ a 3 !->• ai ■ (a 2 • a 3 ) 

(x\ X X2) X I — y —X\ X (X2 X X3) 

[[X 1 ,X 2 },X 3 \ !->■ -[[x2,X 3 ],Xl] - [[x 3 ,Xl],0:2] 

[xi,x 2 x x 3 ] i-> [xi,x 2 ] x x 3 + x 2 x [xi,x 3 ] 

x\ • (ai • a 2 ) i->- (xi • ai) ■ a 2 + a\ ■ (x\ • a 2 ) 

(x\ x x 2 ) • a 1— ► 

[xi, 0:2] • ai 1— > x\ • (X2 • a\) — X2 • (xi • ai). 

In order to study the confluence of critical monomials, it is enough to study the one involving both 
x's and a's because the one involving only a's corresponds to the computation for the operad Ass, 
and the one involving only x's corresponds to the computation for the operad AQer. We know that 
a way to prove the Koszulity of these 2 operads is precisely to use the confluence of the critical 
monomials. 
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Hence the critical monomials left are x\ • ((ai • 02) • 03), [xi,X2] • (ai • 02), [[^i, X2], X3] • a±, 
(xi x X2) • (ai • 02), ((xi x X2) x X3) • a and [xi, X2 x X3] • a. The first three have been proven to 
be confluent by J. Aim. The fourth critical monomial can be rewritten either as 

(xi x X2) • (ai • 02) !->■ ((xi x X2) • ai) • 02 + ai • ((xi x X2) • 02) 
1 ^ 

or (xi x X2) • (ai • 02) i—s- 0. The same is true for the fifth critical monomial. 
The critical monomial [xi,X2 x X3] • a can be rewritten either as 

[xi, X2 x X3] • a i->- %i • ((x2 x X3) • a) — [xi x X3) • (xi • a) 

1 y 

or 

[xi,X2 x X3] • a i->- ([xi, X2] x X3) • a + (x2 x [xi, X3]) • a 
1— > 

Hence, all the critical monomials are confluent and (sc vor ) ! is Koszul. As a consequence sc vor is 
a Koszul operad. □ 

3.2. The operad sc is Koszul. In this section we follow closely the article by Imma Galvez- 
Carrillo, Andy Tonks and Bruno Vallette [5] and our paper [9] in order to prove that the homology 
operad sc is Koszul. 

Recall from the computation of F. Cohen and A. Voronov and from [9] that 

Proposition 3.2.1. An sc-algebra (G,AJ) is a Gerstenhaber algebra G and an associative algebra 
A together with a central morphism of associative algebras f : G — >■ A. 

Corollary 3.2.2. The operad sc has a presentation of the form J 7 (E')/(R') where 

E' =< /2,52,e ,2,ei i0 > 

and the space of relations R' is the sub-§-module of (E) © (E) defined by the relations 

• Rg er for the Gerstenhaber structure induced by /2 and 52 and Rass for the associativity of 
eo,2/ 

• centrality of e\$: eo,2(ei,o <8> id) = eo,2(id ei,o) ■ (21); 

• a quadratic- cubical relation: eifiifz) = /2(ei,o ® e i,o)- 

This corollary shows clearly that this presentation is quadratic and cubic. In order to apply 
the theory of [5], one needs a presentation which is quadratic and linear. However, we will see in 
Proposition 4.2.1 that the quadratic operad J r (E')/(qR l ) obtained by killing the cubical elements 
in the relations of R' plays also an important role for the study of sc. 

The idea to obtain a presentation with quadratic-linear relations of sc is to add a new generator, 
in order to replace the quadratic-cubical relation by quadratic-linear relations. This new generator 
ei 1, will correspond at the level of algebras to the operation A(c, a) := f(c)a. Consequently, we 
introduce new relations in the operad corresponding to the relations f(c)a = af(c) = A(c, a) and 
X(c,f(c')) = f(cc') = f(c)f(c'), that are present in the algebra setting. 

Recall the theory explained in [5] for quadratic-linear operads. A quadratic-linear operad is of 
the form J 7 (E)/(R) with R C F^\E) © ^^(E). Such an R is called quadratic-linear. We also 
ask the presentation to satisfy: 

(qll): RHE = {0} and (ql2): (R E + E ® R) n T {2) {E) C R n T {2) {E). 
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Proposition 3.2.3. The operad sc has a presentation F(E)/(R), where 

E =< f2,g2,e ,2,ei t i,e lfi > 

and the space of relations R is the sub-S-module of F^(E) © F <y2 \E) defined by R = R v @R(eifi), 
where R v is the space of quadratic relations of sc vor and i?(ei,o) is the sub-S-module of F(E) 
generated by the following relations: 

• two quadratic-linear relations: e\ t \ = 60,2(61,0 © id) and e\ t \ = eo,2(id © ei,o) • (21), 

• a new quadratic relation: ei,i(id © ei,o) = eifi(f 2 ). 

Moreover this presentation satisfies (qll) and (ql2). 

Here we recall the definition of a Koszul quadratic- linear operad given in [5]. 

Definition 3.2.4. Let q denote the projection F(E) -» F^ 2 \E) and let qR be the image of R 
under this projection. A quadratic-linear operad V = F{E)/{R) satisfying (qll) and (ql2) is said 
to be Koszul if qV := F(E)/(qR) is a quadratic Koszul operad. Its Koszul dual cooperad is 
(V) 1 = {{qV)\d v ) where the differential cL depends on the quadratic-linear relations. 

In the case of sc presented as in Proposition 3.2.3, the projection of R = R v © i?(ei,o) onto 
F^ 2 \E) is qR = R v © gi?(ei,o), where qR(ei t o) is the sub-S-module of F^ 2 \E) generated by the 
relations = e ,2(ei,o © id), = e ,2(ei,o © id) and ei,i(id © ei, ) = ei, (/2)- 

Consequently a c/sc-algebra is an sc vor -algebra (G, A, A) endowed with a degree linear map 
/ : G A satisfying f{c)a = af(c) = and A(c, /(V)) = f(cc') for all c,c' £G,a£ A. As in [9], 
the operad qsc is obtained as the result of a distributive law between the operad sc vor and ^(e^o). 
The distributive law is given by 

sc vor oj( eii0 ) -> F(e lfi ) o sc vor 

(4) e ,2(ei,o © id), e 0>2 (e lfi © id) ^ 

ei,i(id© ei, ) >->• e lfi (f 2 ). 

Proposition 3.2.5. The operad qsc is identical to the operad J-"(ei,o) o sc vor ; with composition 
given by the distributive law (4)- 

Theorem 3.2.6. The operads qsc and sc are Koszul operads. 

Proof. From [15, Chapter8], one has that qsc = ^(e^o) osc vor is Koszul since sc vor and ^(e^o) are 
Koszul colored operads. By definition, it means that sc is a quadratic-linear Koszul operad. □ 

3.3. Description of the Koszul dual operad (sc) ! of sc. In Proposition 3.2.5, we have described 
gsc as a distributive law between sc vor and .^(e^o). As a consequence (gsc) ! = (sc vor ) ! o ^(e^o) 1 , 
with the operad structure given by the signed dual of the distributive law (4) . Recall from Corollary 
3.1.4 that {[2, C2, tto,2 5 is the dual basis of {f 2 , g 2 , 62,o> e i,i} that generates E v \. From relation 
(2), one has F[e\ o) ! = F(i\\ 0) where ni has degree —1. The dual of the distributive law is given 
by 

J-(m, ) o (sc VOT ) ! -> (sc VOT ) ! o-F(ni, ) 

ni,o(b) ^ m,i(id©m,o) • (id- (21)) 

ni,o(c2) ^ 

Consequently, a (gsc) '-algebra is an (sc vor ) '-algebra (H, A, p) satisfying conditions of lemma 3.1.3, 
together with a linear map (3 : H — > A of degree — 1 satisfying 

f3([h, h']) = (-l) W p(h, P(h')) - (-lpW+Wpiti, P(h)) 

(5) 

P(h x ti) =0. 
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In order to understand the structure of an (sc) ! -algebra it is then enough to understand the 
differential on the operad (qsc)' that comes from the non-quadraticity of the operad sc. 
Let ip : qR — > E defined by 

</?(eo,2(ei,o ® id)) = </?(eo, 2 (id <8> e lfi ) ■ (21)) = e 1;1 , 
<p(Rv) = 0, 

<^(ei,i(id <8> ei,o) - ei, (/2)) = 0. 

The Koszul dual cooperad of qsc is (gsc)' = C(sE, s 2 qR), with the notation of section 2.2.6. To 

if is associated the composite map (qsc) [ -» s 2 ^/? - — ^> sE. There exists a unique coderivation 
dp : (qsc)' 1 — > F°(sE) which extends this map. Moreover, dp induces a square zero coderivation 
dp on the Koszul dual cooperad (qsc)K The Koszul dual cooperad of sc is by definition sc' = 

(C(sE,s 2 qR),d <p ). 

Recall from (2) that (qsc)' = (A(gsc'))*. As a consequence, sc ! = ((qsc)', d^), where dp is 
obtained as a combination of transpose and signed suspension of dp. Namely, sc ! is a differential 
graded operad and we have the following Proposition. 

Proposition 3.3.1. An algebra over sc' consists in a dg AQer- algebra (H, [,], x,di), a dg asso- 
ciative algebra (A, djC), an action p : H (g> A — >■ A and a degree —1 map (3 : H — > A such that, 
for all I G H, a £ A, we have dA(/3(l)) = — /3(dx,Z) and that the relations (3) and (5) are satisfied. 
Moreover, the following relation is satisfied: 

(6) d AP (l, a) = p(d L l, a) + (-l)l'lp(Z, d A a) + P(l)a - (-l)^ +1 ^ap(l). 

Note that relation (6) says that the map /3 : H — > A is central up to homotopy having the map 
p : H <g> A — > A as the homotopy operator. For a geometrical description of the above relations in 
terms of the Kontsevich compactification [14], we refer the reader to [8, 12, 9]. 

This proposition translates at the level of operads in the following Corollary. 

Corollary 3.3.2. The differential graded operad (sc)' has a presentation F(E\,R\), where 

E\ =< C2, n ,2, ^1,1, ni i0 > 

and the vector space R\ is the sub-8-module of (E\) generated by the relations: 

• R\g er , for the AQer -structure defined by [2 and C2 and R_a ss for the associativity o/no,2/ 

• relations for n± ; i : 

ni,i(l 2 ® id) = tii,i(id ® tii,i) • (id - (213)), 

ni,i(id <g> n , 2 ) = 110,2(1x1,1 <g> id) + n , 2 (id <g> n lA ) ■ (213), 

m,i(c 2 (g> id) = 0; 

• relations for ri\ ' 

ni 1 o(l2) = ni ) i(id®ni ) o)-((12)-(21)), 
ni,o(c 2 ) = 0. 

The differential is given by dni,i = 1x0,2(01,0 <SD id) — rio, 2 (id tXi,o) • (21) and vanishes elsewhere. 

3.4. On the homology of sc ! . In [9], we have considered the zero-th homology operad of SC. In 
particular, the description of Hq(SC)' ([9, Proposition 6.3.2]) is the following 

Proposition 3.4.1. The differential graded operad Hq(SC)' has a presentation F(Eq, Rq), where 

Eq =< I2, 1x0,2, 1x1,1, 1x1,0 > 

and the vector space Rq is the sub-S-module of (Eq) generated by the relations: 

• Rde, for the Lie-structure defined by l 2 and R_a ss for the associativity o/tXo,2/ 
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• relations for n± t i : 

m,i([ 2 ® id) = m,i(id ® tii,i) • (id - (213)), 

ni,i(id <8> n , 2 ) = n , 2 (ni,i ® id) + n , 2 (id <g> n 1A ) ■ (213); 

• relations for n\ ft: 

ni,o(l 2 ) = ni,i(id ® m )0 ) • ((12) - (21)). 
TTie differential is given by dn± ; i = 1X0,2(^1,0 ® id) — tto, 2 (id <8> tv^o) ■ (21) and is zero on all the other 
generators. 

From this, it is easy to prove the following Corollary. 

Corollary 3.4.2. The dg operad sc ! is the operad composite ACom o Hq(SC) 1 together with the 
distributive law given by 

H (SC) 1 o ACom -»• ACom o H (SC) 1 

l 2 (id®c 2 ) i-> c 2 (l 2 (g>id) + c 2 (id® I 2 ) • (213) 
tVL,i(c2 <8> id) (->■ 

tll,o(C2) 

As a consequence we get: 

Theorem 3.4.3. Algebras over the homology of the operad sc are triples (H, A, (3) where H is a 
AQer-algebra, A is an associative algebra and (3 : H — > A is a central map of degree —1 satisfying 
P(xxy) = 0. 

Proof. Recall from [9, Theorem 7.2.5] that algebras over the operad Hq(SC)' are triples (L,A,f) 
where L is a Lie algebra, A is an associative algebra and / : L — > A is a central map of degree —1. 
Using the Kiinneth formula for the plethysm product o of S-modules, as in [4, Lemma 2.1.3], we 
obtain that _ff*(sc ! ) = ACom o H*(Hq(SC) 1 ) with the distributive law given by 

H*(H {SC) 1 ) o ACom -»• ACom o H*(H (SC) ] ) 

[l 2 ](id®c 2 ) ^ c 2 ([l 2 ]®id) + c 2 (id®[l 2 ])-(213) 

K0KC2) ^ 

where [x] denotes the image of a cycle x in 

4. On the spectral sequence 

In this section we will show that the spectral sequence E{SC) associated to the stratification of 
the compactification of points in the upper half plane collapses at the second stage. We prove that, 
as an S- module, E 2 {SC) corresponds to the S-module defined by sc, but prove that the operad 
structures are different. 

4.1. On the first sheet of the spectral sequence. For this section, we refer to [17], [8] and [2]. 

For the compactification of points we are considering two different spaces: the space C(n) of 
configurations of n ^ 2 points in the disk modded out by the action of the group of dilatations and 
translations, of dimension 2n — 3; the space C(n,m), with 2n + m ^ 2, of configurations of n points 
in the upper half plane, m points on the line, modded out by the action of the group of dilatations 
and translations along the line, of dimension In + m — 2. 

The operad SC is homotopy equivalent to the Fulton Mac Pherson compactification of C(n) for 
SC(n, 0; c) and of C(n, m) for SC(n, m; o). Since C(l) and C(0, 1) are not well defined, we introduce 
both SC(1, 0; c) and <SC(0, 1; o) as the one point spaces containing the identity element of the closed 
and open colors, respectively. It has been proven by Getzler and Jones in [6], that the filtration 
associated to the stratification of the compactification of C(n) induces a spectral sequence £'(P 2 ), 
whose first sheet coincides with the cobar construction of the cooperad (Qer)K Furthermore, the 
spectral sequence collapses at the second stage, and E 2 {T>2) coincides, as an operad, with Qer. We 

li 



will then focus on the open part of the Swiss-cheese operad. From [8, Theorem 5.2], there is a 
stratification of C(n,m) indexed by partially planar trees, which induces a topological filtration 



F p := F P (C) = {closure of the union of strata of dimension p}. 

It yields a spectral sequence, whose first sheet is given by 

E\SC) p , q = H p+q (FP, FP' 1 ) = H~i(FP \ F^ 1 ). 

Let T(n, m) p be the set of partially planar trees with n closed inputs, m open inputs, the output 
being open and v := 2n + m — p — 1 vertices. To any vertex v i of a tree T £ T(n, m) p is associated 
the triple (rii,mi,Xi) corresponding respectively, to its closed, open inputs, and its output. One 
has the relation 



(7) 



= n + J2s XhC , 

i=l i=l 

v v 

^2 nrii =m + ^ S Xij0 - 1. 
i=i i=i 

V 

Since any tree T G T(n, m) p is responsible for a strata Ct '■= Yi SC( n i, m i', x i) one gets that 



i=i 



(8) E 1 (SC)(n, m) Pt q = ^^{SCim^Xi)). 

TeT(n,m) p , i=l 
ui+. ..+u v = ~q 

Because we are not exactly using the notation of [2], we need the following Lemma. 

Lemma 4.1.1. The operad E l (SC) coincides with the cobar construction of the cooperad (A c Asc)*. 
More precisely, one has 

E\SC)(n,m) p , q = tt((A c Asc)*)(n, m; o)^™'^, 

where the upper index corresponds to the weight grading by the number of vertices of the trees 
involved and the lower index corresponds to the total degree. 

Proof. Recall that for any cooperad C, Q(C) is the free operad J r (s _1 C), where C is the coaugmen- 
tation ideal of the cooperad. Since E 1 {SC) is also a free 2-colored operad, they have the same 
description in terms of trees. One has, 

H u (SC(n,m;x)) = sc*(n, = (A _1 sc*)(n, m; x)^ u+n+m ^ 1 

= (A7 1 A _1 sc*)(n,m;x)_ u+2 n+m-i-<5 :c , c = (s _1 A7 1 A _1 sc*)(n, m; x)- u+2n +m-i-5 x , c -i 

Using the description of E l (SC) in (8) and the formulas in (7), one gets 

V V 

Uj + 2ni + mj-l- S Xi>c - 1) = g + 2n+m + y~^ S Xi>c + S Xu0 -2v- 1 = q + 2n + m-v-l = q+p, 
i=i i=i 

which explains the grading obtained. From [8] and [2], we know that the differentials of the two 
operads coincide. As a consequence, the two differential graded operads coincide. □ 
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4.2. On the second sheet of the spectral sequence. Theorem 3.2.6 asserts that sc is a Koszul 
operad, which expresses that 

fj(sc') — > sc 

is a quasi-isomorphism of operads. Since all the graded vector spaces involved are finite dimensional, 
there is a quasi-isomorphism of cooperads 

sc* -> (fi(sc'))* = B((sd)*) = £(A(sc ! )). 

Applying the bar-cobar adjuntion we have a sequence of quasi-isomorphisms: 

Q{sc*) -»• OB(A(sc ! )) -»• A(sc ! ). 

Now applying the functor A"" 1 A -1 to the above morphism and using Lemma 4.1.1, we finally have 
the quasi-isomorphism: 

(9) E\SC) = fi((A c Asc)*) -»• A^sc 1 ). 

Proposition 4.2.1. The operad E 2 {SC) is the quadratic operad T \E' ,qR'), where 

E' =< /2,#2,e ,2,ei )0 > 

and the space of relations qR' is the sub-S-module of F^ 2 \E') defined by the relations 

• Rg er for the Gerstenhaber structure induced by fa and g2 and R_a ss for the associativity of 
eo,2; 

• centrality of e lfi : e ,2(ei,o ® id) = e ,2(id ei )0 ) ■ (21); 

• the quadratic relation: ei t o(fa) = 0. 

Equivalently, algebras over the operad E 2 (SC) are triples (G,A,f) where G is a Gerstenhaber 
algebra, A is an associative algebra, f : G — ^ A is a central degree map satisfying f(gg') = 
O.Vg.g'eG. 

Note that the operad obtained is exactly the quadratic operad associated to the quadratic-cubical 
presentation of the operad sc of Corollary 3.2.2. 

Proof. The operad E 2 (SC) is the homology of the dg operad E 1 (SC). Thanks to the quasi- 
isomorphism (9), it is the homology of the operad A7 1 (sc ! ). From the computation of the homology 
of sc ! obtained in Theorem 3.4.3, we get the result. □ 

Theorem 4.2.2. The spectral sequence E(SC) collapses at the second stage. 

Proof. Proposition 4.2.1 implies that, as an S-module, E 2 (SC)(n,m; o) = Qer(n) Ass(m) = 
H*(SC)(n, m; o). Because the spectral sequence converges to the homology of SC, and because the 
dimension of the second sheet is the dimension of the target, one gets that E(SC) collapses at the 
second stage. □ 
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